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On the isometrisability of group actions on p-spaces
Maria Gerasimova and Andreas Thom
Abstract. In this note we consider a p-isometrisability property of discrete groups.
If p = 2 this property is equivalent to unitarisability. We prove that any group con-
taining a non-abelian free subgroup is not p-isometrisable for any p ∈ (1,∞). We
also discuss some open questions and possible relations of p-isometrisability with the
recently introduced Littlewood exponent Lit(Γ).
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1. Introduction
Let Γ be a discrete group. For a Banach space X, we write GL(X) for the group
of bounded invertible operators on X. A representation π : Γ→ GL(X) of a group Γ is
called uniformly bounded if
sup
g∈Γ
‖π(g)‖ <∞.
In case when X is a Hilbert space H, the study of uniformly bounded representations
has a long history dating back to [4]. We say that a representation π : Γ → GL(H) is
called unitarisable, if there exists S ∈ GL(H) such that Sπ(g)S−1 is a unitary operator
for every g ∈ Γ, i.e. π is conjugated to a unitary representation. Equivalently, we
have that π is unitarisable if there exists a equivalent scalar product, which makes π
unitary. It is clear that any representation that is conjugated to a unitary representation
is uniformly bounded. A group Γ is said to be unitarisable if any uniformly bounded
representation is unitarisable. It is well known that amenable groups are unitarisable
[3,4,8]. The following question is still open:
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Question 1 (Dixmier). Are unitarisable groups amenable?
In this short note, we study a generalization of the notion of unitarisability in the
following way. First of all, for p ∈ (1,∞), a natural class of Banach spaces called p-
spaces can be introduced and a Banach space is a 2-space if and only it is isometrically
isomorphic to a Hilbert space. We will say that a group Γ is p-isometrisable if for any
uniformly bounded representation π : Γ → GL(X) on a p-space X there exists a new
p-norm which makes π isometric.
Our first result is the following theorem.
Theorem 1. Amenable groups are p-isometrisable for any p > 1.
The second natural question, arises in this context, if there exist non-isometrisable
groups for some p (or for any p > 1). We prove the following.
Theorem 2. For any p ∈ (1,∞), any group containing a non-abelian free subgroup
is not p-isometrisable.
Our initial hope that was that there is a relationship between the p-isometrisability
of a group Γ and the recently introduced Littlewood exponent Lit(Γ), see [5], however
we are not there yet. We discuss some open problems in Section 5.
2. Basic properties of p-spaces
Let p ∈ [1,∞). Let’s start by recalling some basic definitions in order to keep the
paper self-contained.
Definition 1. A Banach space is called an Lp-space if it is of the form Lp(X,µ)
for some measure space X. A Banach space is called QSLp-space (or just a p-space for
short) if it is isometrically isomorphic to a quotient of a closed subspace of an Lp-space.
Let M ∈Mn×m(C). By ‖M‖p→q we will denote the norm of M as a linear operator
from m-dimensional ℓp-space to n-dimensional ℓq-space. It was proven in [7] that the
class of p-space can be characterized in the following intrinsic way.
Definition 2. A Banach space X is a p-space if for any n ∈ N, the natural inclusion
Mn(C)→ L(ℓp(n,X), ℓp(n,X))
is a contraction. In more conrete terms, we have
n∑
i=1
∥∥∥∥∥∥
n∑
j=1
Mijxj
∥∥∥∥∥∥
p
X
≤
n∑
k=1
‖xk‖pX
for any n-tuple (x1, . . . , xn) ∈ Xn and any matrix M ∈Mn(C) such that
n∑
i=1
∣∣∣∣∣∣
n∑
j=1
Mijrj
∣∣∣∣∣∣
p
≤
n∑
k=1
|rk|p
for any (r1, . . . , rk) ∈ Cn.
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Let us recall some known properties of p-spaces, see for example [11] for proofs and
or references. It is quite clear that every Banach space is a 1-space and we already
mentioned that every 2-space is isometrically isomorphic to a Hilbert space.
Lemma 1. Let p, q ∈ (1,∞).
(1) A closed subspace of a p-space is a p-space.
(2) A quotient of a p-space is a p-space.
(3) The dual of a p-space is a q-space, where 1
p
+ 1
q
= 1.
(4) Every p-space is reflexive.
(5) If A and B are p-spaces, so is A⊕p B, the completion of A⊕B for the norm
‖(a, b)‖ = (‖a‖pA + ‖b‖pB)
1
p .
(6) An q-space is a p-space if 2 ≤ q ≤ p or p ≤ q ≤ 2.
3. Isometrisability of group actions on p-spaces
Throughout the rest of the paper, let Γ be a discrete group.
Definition 3. Let p, q ∈ [1,∞). A uniformly bounded representation π : Γ→ GL(X)
on a p-space X is called q-isometrisable, if there exists an equivalent q-norm on X
such that this representation is isometric with respect to this norm. A group Γ is said
to be (p, q)-isometrisable if for any p-space X, every uniformly bounded representation
π : Γ→ GL(X) is q-isometrisable.
Note that the definition allows for examples only if the p-space in question is a q-space
at all – however, this happens for example when 1 ≤ q ≤ p ≤ 2 and 2 ≤ p ≤ q ≤ ∞.
The first observation is that every group Γ is (p, 1)-isometrisable. Indeed, for any
uniformly bounded representation π we can define an equivalent and invariant norm by
the formula
‖x‖new = sup
g
‖π(g)x‖.
A second observation is that (2, 2)-isometrisability is exactly the usual unitarisability.
As mentioned above, (p, q)-isometrisability makes only sense when 1 ≤ q ≤ p ≤ 2 or
2 ≤ p ≤ q < ∞. The following lemma shows that we may restrict ourselves to the first
case by duality.
Lemma 2. Let 1 < p, q < ∞. A group Γ is (p, q)-isometrisable if and only if it is
(p′, q′)-isometrisable, where p′, q′ are the conjugate exponents.
In view of Lemma 1 it is clear that for 1 ≤ p ≤ 2, (p, q)-isometrisability implies
(p, r)-isometrisability for every 1 ≤ r ≤ q. We say that a group is p-isometrisable when
it is (p, p)-isometrisable.
Theorem 3. Amenable groups are p-isometrisable for any p ∈ (1,∞).
Proof. Let Γ be an amenable group and let m : ℓ∞(Γ) → C be an left-invariant
mean. Let π : Γ→ GL(X) be a uniformly bounded representation of Γ on a p-space X.
Since π is uniformly bounded, then for any fixed x ∈ X we have ‖π(g)x‖p ≤ ‖π(g)‖p‖x‖p
and hence (g 7→ ‖π(g)x‖p) ∈ ℓ∞(Γ). Thus we can define a new norm by the formula:
‖x‖new = p
√
m (g 7→ ‖π(g)x‖p).
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Clearly it is a norm and easily seen to be equivalent to the original norm. Moreover,
we prove that it is a p-norm. Indeed, finite additivity and positivity of m implies
n∑
i=1
m


∥∥∥∥∥∥
n∑
j=1
π(g)Mijbj
∥∥∥∥∥∥
p
 = m

 n∑
i=1


∥∥∥∥∥∥
n∑
j=1
π(g)Mijbj
∥∥∥∥∥∥
p



≤ m
(
n∑
k=1
‖π(g)bk‖p
)
=
n∑
k=1
‖π(g)bk‖pnew .
Finally, the invariance of m easily implies that π is isometric with respect to this
norm. 
One could ask if in the definition of p-isometrisability we can replace finding a new
p-norm by finding a bounded invertible operator S such that S−1π(g)S is isometric for
any g ∈ Γ and indeed, if p = 2 these conditions are equivalent. However, this is not true
for p 6= 2. It was proven in [6], that there exists a uniformly bounded representation of
Z on Lp-space for which there is no S such that S−1π(g)S is an isometry. Nevertheless,
the previous theorem tells us that Z is p-isometrisable.
Lemma 3. Let H be a subgroup of Γ. If Γ is (p, q)-isometrisable, then H is also
(p, q)-isometrisable.
The classical construction of the induced representation (see for example Theorem
2.8 in [9]) remains valid for uniformly bounded representations on p-spaces with an only
tiny change that instead of using a direct sum of Hilbert spaces one should use a p-sum
of p-spaces, which is again a p-space.
4. Our friend the free group
In this section we prove our second main result.
Theorem 4. For any p ∈ (1,∞) and any r ≥ 2, the free group Fr on r generators
is not (2, p)-isometrisable. In particular, Fr is not p-isometrisable for any p ∈ (1,∞).
Firstly we need to prove the following lemma.
Lemma 4. Let A(α) =
(
1 iα
iα 1
) ∈ M2(C), where α is some real number. Then for
p ∈ [1, 2] we have
‖A‖p→p ≤ 1 + θ|α|+ o(|α|),
where θ = 2
p
− 1.
Proof. To estimate ‖A‖p→p we will use Riesz-Thorin interpolation theorem. For
p ∈ [1, 2], we have
1
p
=
θ
1
+
1− θ
2
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with θ = 2
p
− 1. Thus, using the inequality xθy1−θ ≤ θx+ (1− θ)y, we obtain
‖A‖p→p ≤ ‖A‖θ1→1‖A‖1−θ2→2 ≤ (1 + |α|)θ
(
1 +
α2
2
)1−θ
≤ 1 + θ|α|+ (1− θ)α
2
2
.
Here we used the fact that ‖A‖2→2 =
√
1 + α2 ≤ 1 + α22 . 
We denote by B(x, r) the disk in C with center x and radius r.
Lemma 5. Let gi for 1 ≤ i ≤ r be isometries of a p-space X, then the spectrum of
the operator
µ1 =
1
2r
r∑
i=1
(gi + g
−1
i )
lies in the intersection
B(0, 1) ∩ {z ∈ C | −θ ≤ Im(z) ≤ θ},
where θ = 2
p
− 1.
Proof. First of all, it is clear that sp(µ1) lies in B(0, 1) since µ1 acts as a contraction.
Let us define a function Φα : C → C by the formula Φα(z) = 2r(1 + iαz) and consider
Φα(µ1) = 2r+ iα
∑r
i=1(gi+ g
−1
i ), where α is some real number. Let us note that we can
write this operator in a following way:
Φα(µ1) =
(
1 g1 . . . 1 gr
)


A(α) 0 . . . 0
0 A(α) . . . 0
...
...
. . .
...
0 0 . . . A(α)




1
g−11
...
1
g−1r

 = x
tAr(α)y,
where y ∈ L(X, ℓp2r(X)) and xt ∈ L(ℓp2r(X),X). Hence,
‖Φα(µ1)‖ ≤ ‖xT ‖‖Ar‖p→p‖y‖.
We can estimate the norm of y ∈ L(X, ℓp2r(X)) by ‖y‖ ≤ (2r)
1
p . Indeed, for any v ∈ X
we have
p
√√√√ r∑
i=1
(‖v‖p + ‖g−1i v‖p) ≤ (2r)
1
p ‖v‖.
By duality, we obtain ‖xt‖ ≤ (2r) p−1p . Clearly, ‖Ar‖p→p = ‖A(α)‖p→p and hence by
Lemma 4 we have
‖Ar‖ ≤ 1 + θ|α|+ o(|α|),
where θ = 2
p
− 1 if p ∈ [1, 2]. Putting everything together, we obtain
Φα(sp(µ1)) = sp(Φα(µ1)) ⊂ B(0, 2r(1 + |α|θ + o(|α|))).
Hence, for positive α we have
sp(µ1) ⊂ Φ−1α (B(0, 2r(1 + |α|θ + o(|α|)))) ⊂
{
z ∈ C | Im(z) ≥ −
(
θ +
o(|α|)
|α|
)}
.
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Since α can be chosen arbitrarily small we obtain
sp(µ1) ⊂ {z ∈ C | Im(z) ≥ −θ}.
By symmetry we get sp(µ1) ⊂ B(0, 1) ∩ {z ∈ C | −θ ≤ Im(z) ≤ θ} as claimed. 
In order to prove our main theorem, we will now make use of the family of non-
unitarisable uniformly bounded representations of Fr constructed by Pytlik in [10].
Let us briefly recall his construction. Pytlik constructs an analytic series of uniformly
bounded representatinons πz of Fr, defined through the action of Fr on its Poisson
boundary (Ω, µ) with respect to the canonical simple random walk. These representa-
tions πz : Fr → GL(L2(Ω, µ)) are indexed by complex numbers from the ellipse
E =
{
z ∈ C :
∣∣∣∣z −
√
2r − 1
r
∣∣∣∣+
∣∣∣∣z +
√
2r − 1
r
∣∣∣∣ < 2
}
.
Let us summarize the properties of πz.
Theorem 5 ([10]). The representations πz, z ∈ E form an analytic family of uni-
formly bounded representations of Γ on the Hilbert space L2(Ω, µ). Moreover:
(1) Each πz is irreducible.
(2) π∗z(x) = πz¯(x
−1). In particular, πz is a unitary representation if z is real.
(3) The spectrum in L2(Ω, µ) of the operator πz(µ1) is contained in the set
{z} ∪
[
−
√
2r − 1
r
,
√
2r − 1
r
]
.
(4) The eigenspace corresponding to {z} is one-dimensional and consists of constant
functions.
Recall that by Lemma 1 that L2(Ω, µ) is a p-space for any p ∈ (1,∞). We are now
ready to finish the proof.
Proof of Theorem 4: Let p ∈ (1, 2], then θ < 1 and there exists such r that
θ < r−1
r
. Consider Pytlik’s construction for this particular r ∈ N. There exists z0 such
that z0 ∈ E, but z0 /∈ {z ∈ C | −θ ≤ Im(z) ≤ θ}. Assume that πz0 : Fr → GL(L2(Ω, µ))
is p-isometrisable, equivalently there exists a p-norm on L2(Ω, µ) such that πz0(g) is
isometric for any g ∈ Fr. When this is the case, by Lemma 5, we conclude that
sp(πz0(µ1)) ⊂ {z ∈ C | −θ ≤ Im(z) ≤ θ}.
However, by the third property from Theorem 5 we have z0 ∈ sp(πz0(µ1)). This is a
contradiction. Thus, the group Fr is not (2, p)-isometrisable. We can now extend this
to all groups containing a non-abelian free subgroup by Lemma 3. 
5. Conjectures and open questions
Let us recall the definition of the space of Littlewood functions T1(Γ).
Definition 4. The space of Littlewood functions is the space T1(Γ) of all the func-
tions f : Γ → C which admit the following decomposition: there exist functions f1 : Γ ×
Γ→ C and f2 : Γ× Γ→ C such that
f(s−1t) = f1(s, t) + f2(s, t) ∀s, t ∈ Γ
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and
sup
s
∑
t
|f1(s, t)| <∞, sup
t
∑
s
|f2(s, t)| <∞.
The space T1(Γ) is equipped with the norm
‖f‖T1(Γ) = inf
{
sup
s
∑
t
|f1(s, t)|+ sup
t
∑
s
|f2(s, t)|)
}
,
where infimum runs over all decompositions of this form.
Properties of this space of functions are related to amenability and unitarisability
of discrete groups. First of all, by the result of Wysoczan´ski [12] amenability is char-
acterized by the condition T1(Γ) ⊆ ℓ1(Γ). By the result of Boz˙ejko and Fendler [1] if
Γ is unitarisable then T1(Γ) ⊆ ℓ2(Γ). Since for any non-amenable group there exists
some ε > 0 such that T1(Γ) * ℓ1+ε(Γ), see [5], it is interesting to study the Littlewood
exponent of a group Γ defined as
Lit(Γ) = inf{p | T1(Γ) ⊂ ℓp(Γ)}.
This quantity was studied [5] proving various results and giving a construction of a group
with 1 < Lit(Γ) < ∞. It would be very interesting to understand which properties of a
group Γ imply that T1(Γ) ⊂ ℓp(Γ). Maybe the following is true.
Conjecture 1. Let 1 ≤ p ≤ 2. Assume that Γ is (2, p)-isometrisable. Then T1(Γ) ⊂
ℓq(Γ), where q is the conjugate exponent.
For p = 2 this is a classical result of Boz˙ejko and Fendler (see [1]). The proof of this
theorem proceeds in two steps. Firstly, one needs to prove that if Γ is unitarisable, then
T1(Γ) ⊂ B(Γ), where B(Γ) is a space of coefficients of unitary representations. Secondly,
using the fact that B(Γ) has cotype 2, one can prove that T1(Γ) ⊂ ℓ2(Γ). The possible
strategy to prove Conjecture 1 is to use Bp(Γ) instead of B(Γ), where Bp(Γ) is a space
of coefficients of isometric representation on q-spaces, see [11] for details:
Bp(Γ) =
{
f : Γ→ C | f is a coefficient of some (π,E) ⊂ Repq(Γ)
}
.
The fist step of the proof is quite similar to the classical case, see for example [1] or [9].
Thus we have,
Proposition 1. If Γ is (2, p)-isometrisable, then T1(Γ) ⊂ Bq(Γ).
To obtain T1(Γ) ⊂ ℓq(Γ) one would need to use the cotype argument. Maybe the
following conjecture that appeared in [2] holds:
Conjecture 2 (Daws). The space Bp(Γ) has cotype q, where
1
p
+ 1
q
= 1.
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